Exact Solutions in Open Bosonic String Field Theory and Marginal
  Deformation in CFT by Kluson, J.
ar
X
iv
:h
ep
-th
/0
20
92
55
v2
  2
2 
M
ay
 2
00
3
Preprint typeset in JHEP style. - HYPER VERSION hep-th/0209255
Exact Solutions in Open Bosonic String Field
Theory and Marginal Deformation in CFT
J. Klusonˇ ∗
Institute of Theoretical Physics, University of Stockholm, SCFAB
SE- 106 91 Stockholm, Sweden
and
Institutionen fo¨r teoretisk fysik
BOX 803, SE- 751 08 Uppsala, Sweden
E-mail: josef.kluson@teorfys.uu.se
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1. Introduction
The construction of time dependent classical solutions that describe the decay of an
unstable D-brane as the tachyon rolls down toward the minimum of the potential
has been given in series of seminal papers by A. Sen [1, 2, 3, 4, 5]. The study of time
dependent solutions representing of tachyons in p-adic string theory was performed in
[6] and from different point of views in [7, 8, 9, 10, 11, 12]. Application of the tachyon
matter in cosmology has been discussed in [13, 14, 15, 16, 17, 18, 19, 20, 21, 22, 23, 24,
25, 26, 27, 28, 29, 30, 31, 32, 33, 34, 35, 36]. In [1, 2, 3, 4] the rolling tachyon solution
was mainly discussed from the point of view of the world-sheet boundary conformal
field theory (BCFT ). More precisely, this solution was constructed by perturbing
BCFT describing the original D-brane by an exactly marginal perturbation. Since
the Wick rotated version is exactly solvable [51, 52, 53, 54, 55] we can obtain lot
of exact results considering the rolling of the tachyon to its vacuum value. More
precisely, the strength λ of the perturbation labels the initial value of the tachyon
T . The corresponding boundary state gives information about the time evolution of
various closed string sources, for recent discussion, see [5, 12]. In particular, it was
shown that at λ = 1/2 which corresponds to placing the tachyon at the minimum
of the potential, the whole boundary state vanishes at all time as conjectured in
2 [37, 38, 39, 40, 41, 42]. It can be also shown that the rolling tachyon solution
has deep connection with spacelike branes [56, 57, 58, 59]. In fact, it was stressed
recently [12, 60] that this picture is greatly modified for nonzero string coupling
constant gs 6= 0.
2For review of the tachyon condensation in string field theory and extensive list of references,
see [43, 44, 45]. For very nice reviews of boundary state approach to D-brane dynamics, see
[46, 47, 48, 49, 50]
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In this paper we will try to present the modest contribution to this very reach
and fascinating subject. We will continue our study of the exact solutions of open
bosonic string field theory (SFT) and their possible relations to the time dependent
solutions 3. In some sense this paper can be regarded as an application of the general
analysis performed in [65], for similar approach of the searching of the exact solutions
in SFT, see [63, 64, 65, 66, 67, 68]. More precisely, we start with the open bosonic
string field theory defined on the background BCFT corresponding to space-time
filling D25-brane. Then we find such a solution of the SFT equation of motion
that when we expand string field around this solution the new BRST operator will
have form that we could expect for the string field theory defined around the new
conformal field theory background BCFT ′′ that is related to the original one by
marginal deformation in the original BCFT . It is important to stress that we do not
claim that the SFT for fluctuation modes is SFT formulated around the background
BCFT ′′. In particular, the fluctuation modes still belong to the Hilbert space of the
original BCFT and the correlation functions are also calculated using the original
BCFT . In order to really show that the SFT for fluctuation modes corresponds
to the SFT formulated around the new BCFT ′′ we should present such a careful
analysis as was done in [78, 79, 80, 81, 82] in case of closed string field theory. In
fact this approach is currently under study and we hope to return to this question
in future.
In order to study the fluctuation spectrum around the classical solution we will
proceed in different way. Using the form of the shifted BRST operator we will propose
such a form of the string field fluctuation modes around the classical solution that will
allow straightforward analysis of the linearised string field theory equation of motion
which these modes have to obey. According to this analysis we will present argu-
ments that these modes correspond to the states of the BCFT ′′ with the marginal
perturbation inserted on the boundary that was studied in [51, 52, 53, 54, 55] (See
also [1, 2, 3, 4, 5] for recent application of this BCFT ′′ in the case of the rolling
tachyon solution.).
However we must mention one remarkable fact. As we will see explicitly in the
next section, our solution has pure gauge form which could then suggest that our
approach does not lead to any new physical situation. But this conclusion seems to
be with contradiction with our explicit calculations that will show that the original
BRST operator is really deformed by our solutions and has exactly the same form
as we could expect from deformed BCFT theories studied in [51, 52, 53, 54, 55].
In order to resolve this puzzle we will argue that there is a difference between large
gauge transformations that really reflect the symmetry of the gauge theory, which in
our case is string field theory, and under which the string field theory theory action is
3Alternative version of the exact solution of the open bosonic string field theory was given
recently in [61].
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not generally invariant and under small gauge transformations that leave the action
invariant and that really does not give new physical configurations.
This paper is organized as follows. In the next section we will calculate an exact
solution of the SFT equation of motion in the spirit of our general analysis given in
[65]. Then we perform an expansion in the SFT action around this solution and we
will study the fluctuation modes around the new solution that will obey the linearised
equation of motion. We will show that the spectrum of the modes is the same as in
[1, 2, 3, 4, 5] in the case of the rolling tachyon solution or as in [51, 52, 53, 54, 55] in
case of the spatial dependent solution. In the conclusion we will outline our results
and we will discuss other problems that deserve further study.
2. Marginal solution
In this section we will find exact solution of the SFT equation of motion that can be
directly related to the rolling tachyon solution, or more generally to BCFT studied
in [51, 52, 53, 54, 55].
To begin with, we firstly review basic facts about bosonic string field theory,
following mainly [43, 44, 45]. Gauge invariant string field theory is described with
the full Hilbert space of the first quantized open string including b, c ghost fields
subject to the condition that the states must carry ghost number one, where b has
ghost number −1, c has ghost number 1 and SL(2, C) invariant vacuum |0〉 carries
ghost number 0. We denote H the subspace of the full Hilbert space carrying ghost
number 1. Any state in H will be denoted as |Φ〉 and corresponding vertex operator
Φ is the vertex operator that creates state |Φ〉 out of the vacuum state |0〉
|Φ〉 = Φ |0〉 . (2.1)
Since we are dealing with open string theory, the vertex operators should be put on
the boundary of the world-sheet. The string field theory action is given [69]
S = − 1
g20
(
1
2α′
〈I ◦ Φ(0)QΦ(0)〉 + 1
3
〈f1 ◦ Φ(0)f2 ◦ Φ(0)f3 ◦ Φ(0)〉
)
, (2.2)
where g0 is open string coupling constant, Q is BRST operator and <> denotes
correlation function in the combined matter ghost conformal field theory. I, f1, f2, f3
are conformal mapping exact form of which is reviewed in [43] and fi ◦Φ(0) denotes
the conformal transformation of Φ(0) by fi. For example, for Φ a primary field of
dimension h, then fi ◦ Φ(0) = (f ′i(0))hΦ(fi(0)). In the abstract language pioneered
in [69] the open string field theory action (2.2) is
S = − 1
g20
(
1
2α′
∫
Φ ⋆ QΦ+
1
3
∫
Φ ⋆ Φ ⋆ Φ
)
(2.3)
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from which we immediately get an equation of motion
1
α′
QΦ0 + Φ0 ⋆ Φ0 = 0 . (2.4)
It is easy to see that the string field in the form
Φ0 = e
−KL(I) ⋆
1
α′
Q(eKL(I)) (2.5)
is solution of (2.4) for any ghost number zero operator KL acting on the string field
theory algebra ⋆ identity I which is ghost number zero field that obeys [62]
I ⋆ X = X ⋆ I = X , (2.6)
for any string field X 4. The operator K in (2.5) can be written as
K =
A
2πi
∫
C
dzk(z) +
B
2πi
∫
C
dzk˜(z) , (2.7)
where k(z), k˜(z) are holomorphic and anti holomorphic fields of conformal dimensions
(1, 0), (0, 1) respectively that are defined in the upper-half plane Im z ≥ 0. The field
k(z) transforms under conformal transformation z → f(z) as
Ufk(z)U
−1
f =
df(z)
dz
k(f(z)) ≡ f ′(z)k(f(z)) , (2.8)
with the same expression for anti holomorphic field k˜(z). In general, the integral
in (2.7) depends on the integration contour C which we choose as a semicircle in
the upper half-plane C : {z; z = −e−iσ+τ , σ ∈ (0, π/2)} and we also choose τ = 0.
The fact that σ ∈ (0, π/2) means that we perform integration over the left side of
the string so that we label corresponding operator with the subscript L. Operators
without any subscript correspond to the integration of any local density over the
whole string so that σ ∈ (0, π) and finally operator corresponding to the integration
over right side of the string will be labeled by the subscript R with σ ∈ (π/2, 0).
Now we will study the transformation properties of K (2.7) under general confor-
mal transformations. Generally K is not invariant under conformal transformation
under which it transforms as
UfKU
−1
f =
A
2πi
∫
C
dwf ′(w)k(f(w)) +
B
2πi
∫
C
dwf
′
(w)k˜(f(w)) =
=
A
2πi
∫
f(C)
dfk(f) +
B
2πi
∫
f(C)
dfk˜(f) 6= K ,
(2.9)
4For recent study of the identity element I, see [70, 71, 72, 73, 74].
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which is not equal toK since, as we have argued above, the integration inK explicitly
depends of the integration contour C. However we can easily prove that for the
BCFT with standard Neumann boundary conditions
k(z) = k˜(z) , Im z = 0 (2.10)
the operator K with A = −B will be invariant under conformal transformations
since then the definition of K does not depend on the integration contour C. To see
this let us consider following integral over closed curve C in the upper half-plane
F (C) =
1
2πi
∮
C
dzk(z)− 1
2πi
∮
C
dzk˜(z) . (2.11)
This integral is equal to zero thanks to the holomorphicity and antiholomorphicity
of k, k˜ respectively. Let us consider C as
C = C1 + Cr1 + Cr2 + C
′
2 ,
C1 =
{
z; z = −r1e−iσ , σ ∈ (0, π)
}
,
Cr1 = {z ∈ (r1, r2) , Im z = 0 , r1 > r2} ,
C ′2 =
{
z; z = −r2e−iσ , σ ∈ (π, 0)
}
,
Cr2 = {z ∈ (r2, r1) , Im z = 0 } .
(2.12)
Then it is easy to see that the integrals of k, k˜ performed over Cr1, Cr2 cancel each
other since z = z , k(z) = k˜(z). Consequently we get
F (C) = 0 = K(C1) +K(C
′
2) = K(C1)−K(C2)⇒ K(C1) = K(C2) , C ′2 = −C1
(2.13)
so that K does not depend on the integration contour C in the upper-half plane. For
such an operator (2.9) gives
UfKU
−1
f = K . (2.14)
Now we prove that the operator K defined in (2.7) obeys [62]
KL(A) ⋆ B = −A ⋆ KR(B) (2.15)
for any string fields A ,B. We follow mainly [64] which is based on fundamental
papers [75, 76]. The N -string vertex of a midpoint interaction is defined by gluing
the boundaries |wi| = 1 , (i = 1, . . . , N) of N unit half disks in the upper-half plane
Im z ≥ 0 with the identifications
wiwi+1 = −1 , for |wi| = 1 ,Re wi ≤ 1 . (2.16)
Under this identification the primary field of conformal dimension h transforms as
Ufφ(wi+1)U
−1
f =
(
df(wi+1)
dwi+1
)h
φ(f(wi+1)) , f(wi+1) = wi (2.17)
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so that for φ(w) that is primary field of conformal dimension 1 we get
Ufdwi+1φ(wi+1)U
−1
f = dwi+1
(
dwi
dwi+1
)
φ(wi) = dwiφ(wi) (2.18)
and similar for complex conjugate wi, wi+1. Using this result and the fact that under
identification (2.16) we change the range of integration from σ ∈ (0, π/2) to (π, π/2)
we immediately get (2.15). For the spatial case A = B = I (2.15) gives
KL(I) = KL(I) ⋆ I = −I ⋆ KR(I) = −KR(I) . (2.19)
It is important to stress that we have got this result (2.19) without presumption that
K is the derivation of the star algebra
K(A ⋆ B) = K(A) ⋆ B + A ⋆ K(B) . (2.20)
On the other hand it is well known that the BRST operator obeys
Q(A ⋆ B) = Q(A) ⋆ B + (−1)|A|A ⋆ Q(B) (2.21)
which for A = I implies Q(I) = QL(I) +QR(I) = 0 [62].
In the following we restrict ourselves to the case B = 0 in (2.7) since we will
not demand invariance of K under conformal transformation. In fact in our further
discussion we will consider two particular examples of k 5
Kt =
A
2πi
∫
C
dzkt(z) ≡ A
2πi
∫
C
dz exp
(
2√
α′
X0L(z)
)
, (2.22)
Ks =
A
2πi
∫
C
dzks(z) ≡ A
2πi
∫
C
dz exp
(
i
2√
α′
X1L(z)
)
. (2.23)
Now the fields kt(z), ks(z) have conformal dimension equal to 1 as can be seen from
the following OPE
T (z)ks,t(w) =
1
(z − w)2ks,t(w) +
1
z − w∂kt,s(w) , (2.24)
where in our calculation we use convention from the very nice review [43]
Tm(z) = − 1
α′
∂zX
µ
L(z)∂zX
ν
Lηµν ,
T˜m(z) = − 1
α′
∂zX
µ
R(z)∂zX
ν
R(z)ηµν ,
XµL(z)X
ν
L(w) ∼ −
α′
2
ηµν ln(z − w) ,
XµR(z)X
ν
R(w) ∼ −
α′
2
ηµν ln(z − w) ,
XµL(z)X
ν
R(w) ∼ −
α′
2
ηµν ln(z − w)
(2.25)
5In the following we will often omit the subscripts t, s in situations, where we will not need
explicit form of k.
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with the BRST operator
Q =
1
2πi
∫
C
dzjB(z)− 1
2πi
∫
C
dzj˜B(z) ,
jB(z) = c(z)
[
Tm(z) +
1
2
Tgh(z)
]
,
j˜B(z) = c˜(z)
[
T˜m(z) +
1
2
T˜gh(z)
]
,
(2.26)
where j(z) is holomorphic and j˜(z) is anti holomorphic current and where Tghost is
the stress energy tensor for the ghost field. In what follows we will not need to know
the explicit form of the ghost contribution.
In summary, we have shown in the previous part that there are exact solutions
of the SFT equation of motion that are based on the existence of primary fields of
conformal dimension 1. Using these fields we have constructed operators in BCFT
that are invariant under conformal transformations. This implies, since these opera-
tors do not contain ghost contribution, that their commutator with the BRST charge
is nonzero. This important property the fact that these operators obey (2.15) leads
to the modification of the BRST operator in the original BCFT theory to the new
form of the BRST operator Q′. It is important to stress that this operator Q′ is still
defined in the original BCFT theory, however the form of the action for fluctuation
modes suggests that the string field action formulated around the classical solution
corresponds to the string field theory action formulated around new BCFT ′′ that
arises from the original BCFT by marginal interaction inserted on the boundary of
the world-sheet.
To see this more explicitly, let us expand the string field Φ in (2.3) around the
solution (2.5) as
Φ = Φ0 +Ψ . (2.27)
and insert it in (2.3). Then we obtain an action for the fluctuation field Ψ in the
same form as the original one (2.3)
S = − 1
g20
(
1
2α′
∫
Ψ ⋆ Q′Ψ+
1
3
∫
Ψ ⋆Ψ ⋆Ψ
)
, (2.28)
where the new BRST operator Q′ is introduced [62]
Q′(X) = Q(X) + Φ0 ⋆ X − (−1)|X|X ⋆ Φ0 . (2.29)
In order to obtain the new form of the BRST operator (2.29) we will follow the
calculation outlined in [65] and which we briefly review below. We start with the
function
F (t) =
1
α′
e−KL(I)t ⋆ Q(eKL(I)t) , F (1) = Φ0 , F (0) = 0 (2.30)
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and perform Taylor expansion around the point t = 1
Φ0 = F (1) = F (0) +
∞∑
n=1
1
n!
dnF
dnt
(0) , (2.31)
where
dF
dt
=
1
α′
e−KL(I)t ⋆ [Q,K]L(I) ⋆ eKL(I)t ,
dF
dt
(0) =
1
α′
[Q,K]L(I) ≡ DL(I) ,
d2F
d2t
= e−KL(I)t(−KL(I) ⋆ DL(I) +DL(I) ⋆ KL(I)) ⋆ eKL(I)t ,
d2F
d2t
(0) = −KL(I) ⋆ DL(I) +DL(I) ⋆ KL(I) = [K,D]L(I) ,
d3F
d3t
(0) = [KL, [KL, DL]] , . . . ,
dnF
dnt
(0) =
n−1︷ ︸︸ ︷
[K, [K, . . . , [Q,K]]]L(I)
(2.32)
and consequently
Φ0 =
1
α′
∞∑
n=1
1
n!
n︷ ︸︸ ︷
[K, [K, . . . , [Q,K]]]L(I) ≡ DL(I) . (2.33)
From the upper expression we see that we can express Φ0 as an action of the ghost
number one operator DL acting on the identity field. Then we immediately obtain
Q′(X) = Q(X) +DL(I) ⋆ X − (−1)|X|X ⋆DL(I) =
= Q(X)− I ⋆DR(X)−DL(X) ⋆ I = Q(X)−D(X) .
(2.34)
In the calculation performed above it is important to stress that if two operators
Q,K are derivatives of the string field algebra
Q(A ⋆ B) = Q(A) ⋆ B + (−1)|A|A ⋆ Q(B) ,
K(A ⋆ B) = K(A) ⋆ B + A ⋆ K(B)
(2.35)
then so is its commutator. To see this, let us define C ≡ [Q,K]. Then we can write
C(A ⋆ B) = Q(K(A) ⋆ B + A ⋆ K(B))−K(Q(A) ⋆ B + (−1)|A|A ⋆ Q(B)) =
= QK(A) ⋆ B + (−1)|A|K(A) ⋆ Q(B) +Q(A) ⋆ K(B) + (−1)|A|A ⋆ QK(B)−
−KQ(A) ⋆ B −Q(A) ⋆ K(B)− (−1)|A|K(A) ⋆ Q(B)− (−1)|A|A ⋆ KQ(B) =
= [Q,K](A) ⋆ B + (−1)|A|A ⋆ [Q,K](B) = C(A) ⋆ B + (−1)|A|A ⋆ C(B) .
(2.36)
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Now it is clear that the BRST operator Q′ is completely determined by commutators
of K with Q. This calculation can be easily performed using[
1
2πi
∫
dzc(z)Tm(z),
A
2πi
∫
C
dwk(w)
]
=
=
A
2πi
∫
C
dw
[
1
2πi
∮
C′
dzc(z)Tm(z)k(w)
]
=
=
A
2πi
∫
C
dw
[
1
2πi
∮
dzc(z)
(
1
(z − w)2k(w) +
1
z − w∂wk(w)
)]
=
=
A
2πi
∫
C
dw∂w (c(w)k(w)) =
A
2πi
c(w)k(w)|ǫ−ǫ .
(2.37)
In the previous expression C ′ is a small circle around the point w on C. Note that
the operator K explicitly depends on the integration contour which in our case is
semicircle of radius ǫ ≪ 1 in the upper half-plane Im z ≥ 0. In fact, we have
defined operator K by action on the general string field which is functional of string
coordinates X(σ, τ = 0) evaluated at time τ = 0 so that C is a semicircle of radius ǫ
around the point z = 0. As usual we take the limit ǫ→ 0 in the end of calculation.
On the other hand Q is conserved charge so that we can deform the integration
contour on which is defined and then using OPE between Tm and k we can calculate
the integral over C ′.
We can also see from (2.25) that there is nontrivial OPE between XL, XR as
a consequence of the boundary conditions at Im z = 0 imposed on the fields X =
XL +XR. This suggests that we should calculate following term as well[
− 1
2πi
∫
dzc˜(z)T˜m(z),
A
2πi
∫
C
dwk(w)
]
. (2.38)
However it is easy to see that this expression is equal to zero. This follows from
the fact that the OPE between T˜ (z)k(w) contains terms such as 1/(z − w). On
the other hand, if Q is given as an integral of holomorphic and anti holomorphic
currents defined in the region Im z ≥ 0 then the integral over z lies in the lower
half-plane Im z ≤ 0. Then it is clear that the integral over complex conjugate of
C ′ does not encircle any singularity and hence it is equal to zero. The only possible
dangerous terms could arise from the real axis however we can avoid these problems
by defining the integration contour C in K starting slightly above the real axis, say
at z = −e−iǫ ǫ≪ 1 and then after working out the previous commutator we take the
limit ǫ→ 0. As a result, the first term in (2.33) is equal to
[Q,K] =
A
2πi
(c(ǫ)k(ǫ)− c(−ǫ)k(−ǫ)) . (2.39)
Next term is equal to
[K, [Q,K]] (2.40)
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Now it is easy to see that further commutators in (2.33) are equal to zero thanks to
the trivial OPE between k(z)k(w). Finally we obtain the resulting BRST operator
Q′ = Q− A
2πi
c(ǫ)k(ǫ) +
A
2πi
c(−ǫ)k(−ǫ) . (2.41)
Now we come to the interpretation of this result. It is clear from (2.41) that SFT
expanded around the classical solution is in some sense related to the deformed
BCFT ′′ that arises from the original one by marginal deformation inserted on the
boundary of the world-sheet
Sboud = −A
∫
dtk(t) . (2.42)
The question is what means the claim “in some sense related”. First of all, the
fluctuation string field still belongs to the Hilbert space of the original BCFT . The
correlation functions which define SFT action in the CFT formalism are also eval-
uated in the original BCFT so it is certainly false to claim that we now have SFT
formulated around the new background BCFT ′′. To find relation between SFT ac-
tion for fluctuation field and SFT action defined on the BCFT ′′ theory we should
perform the same analysis as in very nice papers in [82, 81, 79, 78, 80]. Since this
analysis is rather complicated it deserves separate publication and we hope to obtain
some explicit results in the near future.
We must also stress that the previous example is strictly speaking valid for rolling
tachyon solution since only in this case the operator K is real. For that reason we
will rather consider following operators K2s,t
K2s,t =
A
4πi
∫
C
dzk+(z) +
A
4πi
∫
C
dzk−(z) ,
k+t (z) = exp
(
2√
α′
X0L(z)
)
, k−t (z) = exp
(
− 2√
α′
X0L(z)
)
,
k+(z)s = exp
(
2i√
α′
X1L(z)
)
, k−s (z) = exp
(
− 2i√
α′
X1L(z)
)
.
(2.43)
Since the operators k+s,t, k
−
s,t have conformal weights 1 we immediately see that K2s,t
obeys the same rules as K in (2.7) so that the string field (2.5) with K given above
is the exact solution of SFT equation of motion.
To obtain the form of the shifted BRST operator we proceed as in the previous
case. Now the first commutator is equal to
[Q,K2s,t] =
A
4πi
(
c(ǫ)k+s,t(ǫ)− c(−ǫ)k+s,t(−ǫ)
)
+
A
4πi
(
c(ǫ)k−s,t(ǫ)− c(−ǫ)k−s,t(−ǫ)
)
.
(2.44)
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The second term in (2.33) is equal to
1
2α′
[K2s,t, [Q,K2s,t]] (2.45)
which using (2.44) gives[
Ks,t, c(τ)
A
4πi
k+s,t(τ)
]
τ=ǫ,−ǫ
=
A
4πi
[
1
4πi
∮
C
dwk−s,t(w), c(τ)k
+
s,t(τ)
]
τ=ǫ,−ǫ
=
=
A
8πi
1
2πi
∮
C
dwc(τ)
(
1
(w − τ)2 −
1
w − τ k
3
s,t(τ)
)∣∣∣∣∣
τ=−ǫ,ǫ
=
=
A
8πi
∂
∂τ
(
1
2πi
∮
C
dw
1
w − τ
)
c(τ)− A
8πi
c(τ)k3s,t(τ)
∣∣∣∣∣
τ=−ǫ,ǫ
= − 1
8πi
c(τ)k3s,t(τ)
∣∣∣∣
τ=−ǫ,ǫ
(2.46)
and [
Ks,t,
A
4πi
c(τ)k−s,t(τ)
]
τ=−ǫ,ǫ
=
[
A
4πi
∫
dwk+s,t(w),
A
4πi
c(τ)k−s,t(τ)
]
τ=−ǫ,ǫ
=
=
A
8πi
1
2πi
∫
dwc(τ)
(
1
(w − τ)2 +
1
w − τ k
3
s,t(τ)
)∣∣∣∣∣
τ=−ǫ,ǫ
=
A
8πi
c(τ)k3s,t(τ)
∣∣∣∣
τ=−ǫ,ǫ
.
(2.47)
In the previous calculations we used
k+s,t(z)k
−
s,t(w) =
1
(z − w)2 +
1
z − wk
3
s,t ,
k3t (z) =
2√
α′
∂zX
0
L(z) , k
3
s(z) =
2i√
α′
∂zX
1
L(z) .
(2.48)
From (2.46), (2.47) we immediately see that the second term in (2.33) is equal to
zero and consequently (2.44) is the only nonzero term in (2.33). If we choose
A = −2πλ (2.49)
we obtain the shifted BRST operator
Q′s,t = Q +
iλ
2
c(ǫ)k+s,t(ǫ)−
λ
2
c(−ǫ)k+s,t(−ǫ) +
+
iλ
2
c(ǫ)k−s,t(ǫ)−
λ
2
c(−ǫ)k−s,t(−ǫ)⇒
⇒ Q′t = Q+ iλc(ǫ) cosh
(
2√
α′
X0(ǫ)
)
− iλc(−ǫ) cosh
(
2√
α′
X0(−ǫ)
)
,
Q′s = Q + iλc(ǫ) cos
(
2√
α′
X1(ǫ)
)
− iλc(−ǫ) cos
(
2√
α′
X1(−ǫ)
)
,
(2.50)
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where Qt corresponds to the k
+,−
t in (2.43). With the analogy with the previous
calculation we would like to interpret this deformation of the BRST operator as the
result of the marginal interaction inserted on the boundary of the world-sheet
Sbound = λ
∫
dτ cosh
(
2√
α′
X0(τ)
)
. (2.51)
This BCFT was extensively studied in [1, 2, 3, 4, 5] and corresponds to the rolling
tachyon solution. Once again we must stress that this claim should be proved in the
same way as in [82, 81, 79, 78, 80]. At this place we have only shifted BRST operator
in the Hilbert space of the original BCFT and with the same correlations functions.
In the same way we can expect that Q′s corresponds to the deformed BCFT
′′
with the boundary interaction term
Sbound = λ
∫
dτ cos
(
2√
α′
X1(τ)
)
. (2.52)
This BCFT was extensively studied in [51, 52, 53, 54, 55].
It is remarkable that (2.5) can be expressed in the pure gauge form which could
lead to the suspicion that this solution does not give any new physical information.
We would like to argue that this is not the case. As is well known the string field
theory action (2.3) is invariant under the small gauge transformations
δΦ = QΛ− Λ ⋆ Φ+ Φ ⋆ Λ , (2.53)
where Λ is ghost number zero string field. On the other hand this action is not
generally invariant under the large gauge transformations
Φ′ = e−Λ ⋆ Q(eΛ) + e−Λ ⋆ Φ ⋆ eΛ . (2.54)
As is well known there is a sharp distinction between the small gauge transformations
and the large ones, for very nice discussion, see [83]. As was argued there, the small
gauge transformation describes redundancy in our description of the theory. On the
other hand, large gauge transformations are true symmetries that relate different
solutions in given gauge theory which in our case is the open bosonic string field
theory.
3. Spectrum of the fluctuations around the new background
In the previous section we have found an exact solution of the string field theory and
after expansion above this solution an action for fluctuation modes that has the same
form as the original one however with new, shifted BRST operator Q′. The form of
this operator suggests that the string field theory formulated around this classical
solution should be equivalent to the string field theory formulated around the new
12
BCFT ′′ that arises from the originalBCFT by exactly marginal deformation. In this
section we will try to give arguments that could support this claim. More precisely,
we will try to determine spectrum of fluctuation modes around the classical solution
and these modes should correspond to the states in the deformed BCFT ′′.
We start with the well known fact that fluctuation modes around the classical
solution obey linearised SFT equation of motion
Q′Ψ = Q(Ψ)−D(Ψ) = 0 . (3.1)
To proceed observe that the new BRST operator Q′ can be written as
Q′(X) = eK(Q(e−K(X)) . (3.2)
We see that it is natural to propose following form of the fluctuation field
Ψ = eK(Φ) (3.3)
since then we get
Q′(Ψ) = 0 = eKQ(e−KeK(Φ)) = 0⇒ Q(Φ) = 0 . (3.4)
We will see that the consistency of the definition of the action of K on the state Ψ
and the requirement of the well defined vertex operator corresponding to the string
field (3.3) will lead to the constraints on the allowed spectrum of the fluctuation
field.
In this section we restrict ourselves to operator K2s ≡ K. The extension to time
dependent solution would be straightforward, following [4]. So that let us consider
following operator
K =
1
2πi
∫
C
dz
(
: exp
(
i
2√
α′
X1L(z)
)
: + : exp
(
−i 2√
α′
X1L(z)
)
:
)
≡ K+ +K− .
(3.5)
Let us consider the ground state vertex operator of original BCFT 6
Φ(0, 0) = c(0) : eikµX
µ(0,0) := c(0) : ei2kµX
µ
L
(0) : ,
Q(Φ(0, 0)) = 0⇒ −k20 + k21 =
1
α′
,
(3.6)
where we consider the dependence on k1 only. In the following we will use these
formulas
: exp
(
i
2√
α′
X1L(z)
)
:: e2ikµX
µ
L
(0) := z2k
√
α′ : exp
(
i
2√
α′
X1L(z)
)
e2ikµX
µ
L
(0) : ,
: exp
(
−i 2√
α′
X1L(z)
)
:: e2ikµX
µ
L
(0) := z−2k
√
α′ : exp
(
−i 2√
α′
X1L(z)
)
e2ikµX
µ
L
(0) : .
(3.7)
6In this section we will write explicitly the symbol of normal ordering : :.
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We use these OPE in the calculation of the commutators [K,Φ(0, 0)] that arise from
the formula
Ψ = eK(Φ) = eK(Φ(0, 0) |0〉) = eKΦ(0, 0)e−KeK |0〉 = eKΦ(0, 0)e−K |0〉 . (3.8)
Now we have
Ψ(0, 0) = eKΦ(0, 0)e−K = Φ(0, 0) +
∞∑
N=1
1
N !
N︷ ︸︸ ︷
[K, [. . . , [K,Φ(0, 0)]]] . (3.9)
The commutator [K,Φ] is given by contour integral around z = 0. To perform this
calculation we use OPE (3.7). However in order these integrals to be well defined
we see that the power of z should be integer. This requirement together with (3.6)
gives quantisation of the momentum k1 ≡ k
k =
n
2
√
α′
, n = ±2,±3,±4 . . . . (3.10)
We can interpret this result as a selection rule for momentum states. In fact the
same situation arises in the study of the BCFT with the boundary integration given
(2.52).
Let us start with the first allowed state with n = 2
Φ2(0, 0) =: e
2i√
α′
XL(0) : . (3.11)
For this state we get
[K,Φ2(0, 0)] = [K−,Φ2(0, 0)] =
1
2πi
∮
dw
1
w2
: e
−2i√
α′
XL(w)e
2i√
α′
XL(0) :=
=
∂
∂z
[
1
2πi
∮
dw
1
w − z : e
− 2i√
α′
XL(w)
]
z=0
e
2i√
α′
XL(0) :=
= − 2i√
α′
∂wXL(0) : e
− 2i√
α′
XL(0)e
2i√
α′
XL(0) := − 2i√
α′
∂wXL(0)
(3.12)
and also
[K, [K,Φ2]] = [K,− 2i√
α′
∂wXL(0)] =
= − 2i√
α′
1
2πi
∮
dw
(
i
√
α′
w
e
2i√
α′
XL(w) − i
√
α′
w
e
− 2i√
α′
XL(w)
)
=
= 2
(
e
2i√
α′
XL(0) − e− 2i√α′XL(0)
)
,
[K, [K, [K,Φ2(0, 0)]]] = − 8i√
α′
∂wXL(w) .
(3.13)
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We see that further commutators will give the same components as the three ones
listen above. In other words the fluctuation field is given as
Ψ = Φ2 + [K,Φ2] +
1
2
[K, [K,Φ2]] +
1
6
[K, [K, [K,Φ2]]] + . . . =
= e
2i√
α′
XL(0) − i√
α′
∂wXL(0) + e
2i√
α′
XL(0) − e −2i√α′XL(0) − 8i
6
√
α′
∂wXL(0) + . . . .
(3.14)
We observe that the fluctuation field Ψ is given as linear combination of the modes
that belong to the representation of the SU(2) group with the spin j = 1. Exactly
the same spectrum of the states arise in BCFT ′′ with the marginal interaction (2.52).
Generally we can argue as follows. Let us consider operator Φn(z) = e
in√
α′
XL(z)
with the spin equal to n
2
as can be seen from
[J3,Φn(0)] =
i√
α′
∮
dw
2πi
∂wXL(w)e
in√
α′
XL(z) =
n
2
∮
dw
2πi
1
w − z e
in√
α′
XL(z) =
n
2
Φn(0, 0) ,
(3.15)
where
J3 =
i√
α′
∫
dw∂X1L(w) . (3.16)
From (3.7) we get that Φn is annihilated by K+ for n ≥ 0 and also following com-
mutation relations
[K+, K−] = 2J3 , [J3, K+] = K+ , [J3, K−] = −K− . (3.17)
Then [K,Φn] = [K−,Φn] and the resulting operator will have the spin equal to n2 − 1
as follows from
[J3, [K−,Φn]] + [K−, [Φn, J3]] + [Φn, [J3, K−]] = 0⇒
⇒ [J3, [K−,Φn]] =
(
n
2
− 1
)
[K−,Φn] .
(3.18)
Then the successive action of K on Φn will give states with lower spin and hence the
fluctuation field is linear combination of states that form an irreducible representation
of SU(2) gauge group with the spin n/2. The same spectrum of states arises in the
BCFT ′′ with the marginal interaction on the boundary (2.52). We think that this
coincidence supports our conjecture based on the form of the shifted BRST operator
that the string field theory for fluctuation modes around the classical solution is
related to he string field theory defined on the background BCFT ′′ that arises from
the original one by marginal interaction inserted on the real line. Note that we do not
claim that the string field action for fluctuation modes around the classical solution
is exactly the same as the string field theory action formulated around the new
background BCFT. To find relation between these two actions we should perform
the same profound analysis as in [82, 81, 79, 78, 80]. We return to this question in
the future.
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4. Conclusion
In this short note we have proposed an exact solution of the open bosonic string
field theory. The basic idea of our approach is to find such an operator of conformal
weight one that has nontrivial commutation relation with the BRST operator. The
condition that this operator has conformal dimension equal to one is important since
only in this case this operator obeys (2.15), (2.19) and then we can easily find the
form of the shifted BRST operator. The form of shifted BRST operator suggests
that SFT for fluctuation field above the classical solution is related to the SFT
defined on BCFT ′′ that arises from the original BCFT by insertion of the marginal
deformation on the boundary of the world-sheet. In order to support this claim we
have performed an analysis of the linearised equation of motion of the SFT around
the classical solution and we have argued that the spectrum of the fluctuation modes
agree with the spectrum of states in BCFT ′′.
Of course, as we have also stressed in many places in this paper, we cannot claim
that we have really prove that the SFT action for fluctuation modes is exactly the
same as the SFT action formulated around background BCFT ′′. This can be easily
seen from the fact that the fluctuation states and correlation functions in the shifted
action are still formulated using the original BCFT . In order to find exact relation
between action for fluctuation modes and SFT action defined on BCFT ′′ we should
perform the same careful analysis as in [82, 81, 79, 78, 80]. This problem is currently
under investigation and we hope to report our result in near future.
We must also stress that there is important limitation of our solution when we
consider it in the context rolling tachyon [1, 2, 3, 4, 5]. Since this is solution of the
SFT in the limit gs → 0 we do not take into account the coupling between closed a
open strings in the process of the rolling tachyon. When this coupling is considered
the situation is much more involved and interesting, as was shown in recent papers
[12, 60, 84]. It would be very nice to extend our analysis to the case of open-closed
string field theory [85]. It would be also interesting to search for an exact solution in
the string field theory that would lead to the more general boundary perturbation
as was studied in [4].
To conclude, we hope that our modest contribution presented in this paper could
be helpful in solving these intriguing problems.
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